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ABSTRACT 
The present study focuses on the friction factors of a col-

loidal suspension flow in circular and square tubes. The colloi-

dal suspension was made of silicon dioxide nanoparticles dis-

persed in distilled water at a concentration of 9.58% by volume. 

The viscosity and shear stress of the suspension were measured 

and it was found that the fluid exhibited non-Newtonian behav-

ior. The rheological behavior of the suspension could be ade-

quately modeled as a power-law generalized Newtonian fluid 

(GNF). When the consistency and the flow behavior indices of 

the suspension were properly evaluated, the friction factors of 

the suspension flowing in tubes with circular and square cross-

sections exhibited similarities with those of Newtonian fluid 

flow. In fully-developed laminar flow, the Poiseuille number for 

the suspension was similar to that for a Newtonian fluid flow. 

In turbulent flow, the Dodge and Metzner’s relations for the 

friction factor and a generalized Reynolds number can be used 

to adequately describe the suspension in turbulent flow. Obser-

vations from the friction factor measurements showed that the 

onsets of transition to turbulent flow vary with the cross-

sectional shape of the tube and differ from those of Newtonian 

fluid flow. This might suggest that the cross-sectional shape of 

the flow passage and the presence of nanoparticles could affect 

the onset of transition to turbulent flow for the suspension. 

 

INTRODUCTION 
Several studies in the past have suggested that the overall 

thermal conductivity of a fluid can be enhanced by dispersing 

small particles in a base liquid, such as water and oil [1-3]. The 

increase in the overall thermal conductivity of the fluid would 

thereby promote higher heat transfer capability. 

In recent years, colloidal suspension containing solid na-

noparticles dispersed in liquid base fluids, also known as 

nanofluids, have received attention for their potential in engi-

neering applications. Several publications have documented 

that colloidal suspensions can be engineered to be a new class 

of fluid in heat transfer [4, 5].  

Several researchers have documented that by dispersing 

nanoparticles, such as titanium dioxide (TiO2), copper oxide 

(CuO), and aluminum oxide (Al2O3) to a liquid base fluid could 

enhance the overall thermal conductivity of the fluid [6, 7]. 

Recent investigators have documented beneficial convective 

heat transfer enhancements using nanofluids [8-10]. However, 

the increase in thermal conductivity of the fluid does not neces-

sarily mean a beneficial enhancement in the convective heat 

transfer effectiveness, since there is a tradeoff with having 

pumping power requirement. The addition of nanoparticles in 

base liquid would inherently increase the viscous friction of the 

fluid flow in a system. In addition, the particles in the fluid 

could bring about potential wear on the system. 

In an experimental study conducted by Xuan and Li [11], 

the friction factors of Cu-water nanofluids flowing in a 10-mm 

inner diameter tube were roughly the same as those of water for 

turbulent flow. The Cu-water nanofluids that they used have 

relatively low particle concentrations, between 1–2% vol. Wil-

liams et al. [12] found that the convective heat transfer and fric-

tion factor for turbulent flow of alumina-water and zirconia-

water nanofluids in tubes can be adequately predicted by exist-

ing correlations for single-phase flow. 

In laminar flow, the friction factor and convective heat 

transfer for dispersions, with properly evaluated fluid proper-

ties, flowing in tube were found to have no deviation from con-

ventional single-phase flow theory [13]. This finding was doc-

umented by Rea et al. [13] for alumina and zirconia dispersed 

in water, and flowing in a 4.5-mm inner diameter tube. For 
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nanofluids containing spherical and rod-like nanoparticles, Yu 

et al. [14] found that conventional single-phase flow theory can 

satisfactorily predict the friction factors for the nanofluids with 

spherical particles, but not for those with rod-like particles. 

They conducted their experimental study in the laminar flow 

region using Al2O3-polyalphaolefin nanofluids with spherical 

and rod-like nanoparticles [14]. 

Many of the studies in the literature conducted for the fric-

tion factor of colloidal suspensions covered low particle load-

ing, with the nanoparticle concentration in the base liquid at 

about 5% in volume or lower. At low nanoparticle concentra-

tion, the fluids are generally behaving as Newtonian fluid. As 

the particle loading increases, the fluid rheological behavior 

could become non-Newtonian. In the present study, SiO2–water 

(9.58% vol.) colloidal suspension was used as the working flu-

id. The SiO2–water colloidal suspension exhibits the behavior 

of a non-Newtonian fluid, and it can be modeled as a power-

law fluid. Friction factors of the colloidal suspension were 

measured for circular and square tubes with different hydraulic 

diameters. The results were then compared with established 

correlations for Newtonian and non-Newtonian fluids. 

BACKGROUND 
The Fanning friction factor for internal flow in a circular 

tube can be defined from the pressure gradient along the tube 

length as 

𝑐𝑓 =
1

2
(−

𝑑𝑝

𝑑𝑥
)

𝐷

𝜌𝑉2
 (1) 

The average fluid velocity (𝑉) in the tube can be determined 

experimentally by measuring the mass flow rate (�̇� = 𝜌𝑉𝐴).  

For a laminar fully-developed flow in a circular tube for 

Newtonian fluids, the conventional theory for friction factor is 

simply 𝑐𝑓 𝑅𝑒 = 16. Incidentally, this friction factor relation is 

also applicable for non-Newtonian fluids. In a square tube, the 

friction factor for a laminar fully-developed flow is 𝑐𝑓 𝑅𝑒 =

14.23, where the characteristic length for the Reynolds number 

is the hydraulic diameter, 𝐷ℎ. 

When the flow is turbulent, the friction factor for Newtoni-

an fluids can be described using the Blasius [15] correlation, 

𝑐𝑓 𝑅𝑒0.25 = 0.079, for 4000 ≤ 𝑅𝑒 ≤ 10
5
. There are numerous 

correlations available in the literature [16-18] that describe the 

friction factor of turbulent flow in tubes. The friction factor 

correlation introduced by Churchill [18] is perhaps one of the 

more elaborate correlations that attempts to span the laminar-to-

turbulent regimes: 

𝑐𝑓 = 2 [(
8

𝑅𝑒
)

12

+
1

(𝐴1 + 𝐵1)1.5
]

1/12

 (2) 

where 

𝐴1 = {2.457 ln [
1

(7 𝑅𝑒⁄ )0.9 + 0.27(𝜖 𝐷⁄ )
]}

16

  

and 

𝐵1 = (
37530

𝑅𝑒
)

16

  

In the present study, the effect of wall surface roughness (𝜖) is 

neglected; hence it is omitted when evaluating 𝐴1.  

For a power-law generalized Newtonian fluid, the shear 

stress and the shearing rate relation is given as 

𝜏 = 𝐾 (−
𝑑𝑢

𝑑𝑦
)

𝑛

 (3) 

where the consistency index (𝐾) and the flow behavior index 

(𝑛) can be determined experimentally. The flow behavior index 

describes the fluid behavior, whether it is shear-thinning (𝑛 < 1) 

or shear-thickening (𝑛 > 1). When the fluid is purely Newtoni-

an, the consistency index is equivalent to the dynamic viscosity, 

and the flow behavior index becomes unity. 

When a fluid is modeled as a power-law generalized New-

tonian fluid, the friction factor can be described using a gener-

alized Reynolds number, as introduced by Dodge and Meztner 

[19]: 

√
1

𝑐𝑓

=
4

𝑛0.75
 𝑙𝑜𝑔(𝑅𝑒′ 𝑐𝑓

1−𝑛 2⁄
) −

0.4

𝑛1.2
 (4) 

where the generalized Reynolds number is defined as 

𝑅𝑒′ =
𝐷𝑛 𝑉2−𝑛 𝜌

8𝑛−1 𝐾
 (5) 

For a Newtonian fluid (𝑛 = 1 and 𝐾 = 𝜇), the generalized 

Reynolds number becomes the conventional number Reynolds 

number, 𝑅𝑒 = 𝜌𝑉𝐷 𝜇⁄ , for internal flow. In this study, the hy-

draulic diameter, 𝐷ℎ, for non-circular tube is used in place of 

the circular tube diameter, 𝐷, when evaluating 𝑅𝑒 and 𝑅𝑒′. 
Hence, the Reynolds number for a square tube is 𝑅𝑒 =
𝜌𝑉𝐷ℎ 𝜇⁄ .  

A friction factor plot for Newtonian and non-Newtonian 

(power-law) fluids using the generalized Reynolds number, as 

introduced by Dodge and Meztner [19], is illustrated in Figure 

1. For a fully-developed laminar flow, both the Newtonian and 

power-law fluids have the same 𝑐𝑓 𝑅𝑒 = 16. In the turbulent 

flow region, the friction factor curves are influenced by the 

flow behavior index, 𝑛. Once the consistency and the flow be-

havior indices are known for a fluid, the friction factor can be 

determined using Figure 1 for a given generalized Reynolds 

number. 
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Figure 1.  Friction factor for Newtonian and non-Newtonian 

fluids plotted against the generalized Reynolds number, 𝑅𝑒′, 
given by Dodge and Meztner [19] 

 

EXPERIMENTAL APPROACH 
Experimental Setup. The overall experimental apparatus 

utilized for this study is illustrated in Figure 2. The apparatus 

was designed and built for measuring internal flow characteris-

tics of tubes. The reservoir for storing the working fluid for the 

experiment is made out of polyethylene with a 3-gallon volume 

capacity. 

A Liquiflo gear pump was used for pumping the working 

fluid throughout the flow loop. The working fluid was pumped 

from the reservoir and flowed through a double-tube counter-

flow heat exchanger. The heat exchanger kept the flow condi-

tion isothermal by removing excess heat that was added during 

the experiment. 

The flow rate of the working fluid was control by a meter-

ing valve, and was measured by a Coriolis mass flow meter. 

The Micro Motion Coriolis mass flow meter measured the flow 

rate, and the signal from the flow meter was sent to a digital 

transmitter. The measured flow rate signal from the flow meter 

is conditioned by the digital transmitter and recorded by the 

data acquisition system. The accuracy of the Coriolis mass flow 

meter for a flow range of 1–50 g/s was ±0.1%. The working 

fluid exiting the Coriolis mass flow meter is flowed to the test 

section. 

The pressure difference between the inlet and exit of the 

test section was measured by Rosemount pressure transmitters. 

There were three pressure transmitters with each covering dif-

ferent gage pressure ranges up to 62, 248, and 2070 kPa. The 

accuracy of the pressure transmitters is within ±0.15%. At the 

test section inlet and exit, the bulk temperatures of the working 

fluid were measured with T-type thermocouples. The inlet and 

exit temperatures of the working fluid would be used for the 

evaluation of the fluid properties. In addition, the temperatures 

would be used for validation that the flow condition for the 

experiment was isothermal. The output signals from the flow 

meter, pressure transmitters and the thermocouples were rec-

orded using an Agilent data acquisition system. 

In the present study, brass C260 tubes with circular and 

square cross-sections were used as the test sections. The hy-

draulic diameters for the tubes used in this study were 0.876, 

1.71, and 2.46 mm. Each tube has a length-to-diameter ratio of 

100. Optical microscopy was used to verify the cross-sectional 

dimensions of the tubes. Small segments of each tube cross 

section were analyzed using a Zeiss LSM confocal microscope. 

The microscopy analysis has determined that the uncertainty of 

the inner hydraulic diameters was about ±1% at 95% confi-

dence level using the Student’s t-distribution. 

Colloidal Suspension Properties. The colloidal suspen-

sion used in this study contained SiO2 nanoparticles (9.58% 

vol.) dispersed in a base liquid of water. The colloidal suspen-

sion was manufactured by Alfa Aesar
®
, and the SiO2 particles 

have an average particle size of 50 nm. The rheological behav-

ior of the colloidal suspension was characterized by Brookfield 

DV3T coaxial cylinder rheometer. The colloidal suspension 

shear stresses and shearing rates were measured for tempera-

tures between 7 and 60°C. During the measurements, the tem-

perature of the colloidal suspension was maintained using a 

Brookfield temperature bath. The shear stress, shearing rate, 

and temperature data obtained for the measurements were used 

to determine the consistency and the flow behavior indices of 

the colloidal suspension. 

Experimental Uncertainty. The friction factor can be 

evaluated from the measurements of the inner hydraulic diame-

ter (𝐷), the test section length (𝐿), the mass flow rate (�̇�), the 

pressure drop (Δ𝑝) across the test section, and the working fluid 

density (𝜌). Each of these measured parameters has a quantifia-

ble uncertainty associated with it, as summarized in Table 1. In 

estimating the experimental uncertainties for the measured fric-

tion factors, the procedures described by Kline and McClintock 

[20] and Moffat [21] were used. The estimated experimental 

uncertainties associated with the measured friction factors were 

determined to be between ±5.5 and ±8.5%. The uncertainty of 

the inner hydraulic diameter of the tube contributed the most to 

the uncertainties of the friction factors. 

 

 

Table 1.  Summary of the estimated experimental uncertainties 

Measured parameters  Uncertainty, % 

Inner diameter, 𝐷 ±1.0 

Length between pressure taps, 𝐿 ±0.6 

Mass flow rate, �̇� ±0.2 

Pressure drop, Δ𝑝 ±0.2 

Density, 𝜌 ±1.5 

Friction factor, 𝑐𝑓 ±5.5 to ±8.5 
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Figure 2.  Experimental setup schematic for colloidal suspension flow pressure drop measurements 

 

EXPERIMENTAL RESULTS 
Rheological Behavior of SiO2–Water. The rheological 

behavior of the SiO2–water (9.58% vol.) colloidal suspension 

was characterized at different temperatures. The fluid is mod-

eled as a power-law fluid. With the measured results that in-

cluded the shear stresses, shearing rates, and temperatures, the 

indices for the fluid consistency and the flow behavior were 

determined. Figure 3 shows the effect of temperature on the 

fluid consistency index, from 7 to 60°C. The consistency index 

of the SiO2–water colloidal suspension begins from 2.8 mPa∙s
n
 

at 7°C and decreases with increasing temperature to 0.08 

mPa∙s
n
 at 60°C. 

The flow behavior index of the SiO2–water (9.58% vol.) 

colloidal suspension is also influenced by temperature. Figure 4 

illustrates the response of the flow behavior index of the fluid 

to temperature variation from 7 to 60°C. The flow behavior 

index of the colloidal suspension starts from a value of 1.03 at 

7°C and increases with increasing temperature to a value of 

1.61 at 60°C. 

 
 

Figure 3.  The consistency index of SiO2–water (9.58% vol.) 

colloidal suspension plotted against temperature 
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Figure 4.  The flow behavior index of SiO2–water (9.58% vol.) 

colloidal suspension plotted against temperature 

 

Friction Factor of Water Flow. Before conducting fric-

tion factor measurements for the SiO2–water (9.58% vol.) col-

loidal suspension flow, the friction factors for water flow in a 

circular tube were measured. This procedure was to validate 

that the experimental setup could be used to duplicate friction 

factor results that have been established in the literature. The 

friction factor measurements for water flow were conducted 

from a Reynolds number of approximately 400 to 8700. The 

measurements were conducted for a circular tube with an inner 

diameter of 2.46 mm. 

The results measured for the water flow friction factor 

were compared with the friction factor evaluated from correla-

tions available in the literature. For laminar fully-developed 

flow, the measured friction factors were compared with 

𝑐𝑓 𝑅𝑒 = 16. For Reynolds number greater than 4000, the meas-

ured friction factors were compared with 𝑐𝑓 𝑅𝑒0.25 = 0.079, 

the Blasius [15] correlation, see Figure 5.  

When the measured friction factors for water flow were 

compared with the established friction factor correlations, the 

agreement between them was within ±5% agreement. The dis-

crepancies between the measured and calculated values were 

within the estimated experimental uncertainties. 

Friction Factor of SiO2–Water Flow. The friction factor 

results for SiO2–water (9.58% vol.) colloidal suspension flow 

were measured for both circular and square tubes. For both 

circular and square tubes, measurements were conducted for 

three different hydraulic diameters, 0.876, 1.71, and 2.46 mm. 

For the SiO2–water colloidal suspension flow in a 2.46-

mm-diameter circular tube, the friction factors in the laminar 

region agrees with the friction factors of water. Both Newtonian 

and non-Newtonian fluids exhibit friction factors that can be 

described by 𝑐𝑓  𝑅𝑒 = 16. The friction factors for both SiO2–

water colloidal suspension and water are in good agreement 

from a Reynolds number of about 400 to 2800, see Figure 6. 

When the Reynolds number is above 2800, the friction factors 

of the colloidal suspension diverge from the friction factors of 

water and continue until they converge with the line predicted 

by the Dodge and Meztner [19] correlation, Eq. (4), for 𝑛 = 1.2 

at 𝑅𝑒′ ≈ 4700. 

 
 

Figure 5.  Measured friction factors of water flow in a 2.46-

mm-diameter circular tube in comparison with 𝑐𝑓 𝑅𝑒 = 16 for 

laminar flow and the Blasius [15] correlation for turbulent flow 

 
 

Figure 6.  Measured friction factors of water and SiO2–water 

(9.58% vol.) colloidal suspension flow in circular tube of 𝐷 = 

2.46 mm in comparison to the predictions of Eq. (4) 

 

The friction factors of the SiO2–water colloidal suspension 

flow in circular tubes of different diameters were measured and 

plotted in Figure 7. In the laminar flow region, the friction fac-

tors for all three tubes agree with 𝑐𝑓  𝑅𝑒 = 16. However, the 

friction factor for the onset of transition to turbulent flow varies 

with the tube diameter. As the tube diameter decreases, the fric-

tion factor starts to depart from the 𝑐𝑓  𝑅𝑒 = 16 curve at lower 

𝑅𝑒′ value. As the tube diameter increases, the departure of the 
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friction factor from the 𝑐𝑓 𝑅𝑒 = 16 curve occurs at slightly 

higher 𝑅𝑒′. 
The friction factors of the SiO2–water colloidal suspension 

flow in square tubes of different hydraulic diameters were 

measured and plotted in Figure 8. For SiO2–water colloidal 

suspension flow in square tubes, the friction factors in the lami-

nar flow region agree with 𝑐𝑓 𝑅𝑒 = 14.23. The friction factors 

in the transition to turbulent flow region were measured to be 

higher for tube with lower hydraulic diameter. 

 

 
 

Figure 7.  Measured friction factors of SiO2–water (9.58% vol.) 

colloidal suspension flow in circular tubes of different diame-

ters in comparison to the predictions of Eq. (4) 

 
 

Figure 8.  Measured friction factors of SiO2–water (9.58% vol.) 

colloidal suspension flow in square tubes of different hydraulic 

diameters 

 

Figure 9 shows the friction factors of SiO2–water colloidal 

suspension flow measured for circular and square tubes at an 

equivalent hydraulic diameter of 2.46 mm. At the laminar and 

turbulent flow regions, the friction factors for square tube are 

lower than the friction factors for circular tube.   

 
 

Figure 9.  Comparison of the measured friction factors for 

SiO2–water (9.58% vol.) colloidal suspension flow in circular 

and square tubes with 𝐷 = 𝐷ℎ = 2.46 mm 

SUMMARY 
The results obtained in this study indicated that the SiO2–

water (9.58% vol.) colloidal suspension can be adequately 

modeled as a power-law fluid. The consistency and flow behav-

ior indices are affected by temperature.  

In the fully-developed laminar flow region, the friction fac-

tors for both circular and square tubes have similar friction fac-

tors of a Newtonian fluid, where 𝑐𝑓 𝑅𝑒 for circular and square 

tubes are 16 and 14.23, respectively. For circular tubes in the 

turbulent flow region, the friction factors of colloidal suspen-

sion can be adequately described by the relation given by 

Dodge and Meztner [19].  

The friction factor for the onset of transition to turbulent 

flow in circular tube varies with the tube diameter. As the circu-

lar tube diameter decreases, the friction factor departs the lami-

nar friction factor curve at lower Reynolds number. 

In square tubes, the colloidal suspension friction factors in 

the transition region were observed to be influenced by the tube 

hydraulic diameter. When compared with a circular tube, the 

friction factors for square tube are lower than the friction fac-

tors for circular tube in both the laminar and turbulent flow 

regions, with the exception of the transition region. 
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NOMENCLATURE 
𝐴 cross-sectional area, m

2
  

𝑐𝑓 Fanning friction factor 

𝐷 inside diameter, m 

𝐷ℎ hydraulic diameter (= 4𝐴 𝑃⁄ ), m 

𝑑𝑢/𝑑𝑦 shearing rate, s
−1

  

𝐾 fluid consistency index 

𝐿 length between pressure taps, m 

𝑛 flow behavior index 

�̇� mass flow rate, kg/s 

𝑃 wetted perimeter, m 

𝑝 pressure, Pa 

𝑥 spatial coordinate along tube/channel length, m 

𝑅𝑒 Reynolds number (= 𝜌𝑉𝐷 𝜇⁄ ) 

𝑅𝑒′ generalized Reynolds number 

𝑉 average flow velocity, m/s 

 

Greek symbols 

𝜖 wall surface roughness, m 

𝜇 dynamic viscosity, Pa∙s or cP 

𝜌 density, kg/m
3
  

𝜏 shear stress, Pa  
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